Based on the inhomogeneous T − Q relation constructed via the off-diagonal Bethe ansatz (ODBA), a systematic method for retrieving the Bethe-type eigenstates of integrable models is developed by employing an orthogonal basis of the Hilbert space. With the XXZ spin torus model as an example, we show that for a given inhomogeneous T − Q relation and the associated Bethe ansatz equations (BAEs), a corresponding Bethe-type eigenstate of the transfer matrix exists. It is found that in contrast to the usual ones, the derived reference state is no longer a pure state but a highly entangled many-body state. The corresponding off-shell scalar products are also obtained in the same framework.
Introduction
The algebraic Bethe ansatz method provides a powerful tool to solve the integrable models with U(1) symmetry [1, 2, 3] . In that approach, both the eigenvalues and the eigenstates of the transfer matrix can be constructed simultaneously. However, for the integrable models without U(1) symmetry, the Bethe-type eigenstates can be constructed only for some very special boundary conditions [4, 5, 6, 7, 8, 9, 10, 11] . Recently, a new method, namely, the off-diagonal Bethe ansatz (ODBA) method [12, 13, 14, 15, 16] was proposed to approach the exact solutions of generic integrable models either with or without U(1) symmetry. In such appraoch, the spectrum of the transfer matrices can be observed without using any information of the states. The central point of this method lies in the construction of the inhomogeneous T − Q relation based on the operator product identities. An interesting issue left in this framework is how to retrieve the eigenstates from the spectrum. In principle, if the eigenvalues of a matrix are known, its eigenvectors should be determined completely. We note that the Bethe states of the open XXX spin chain were conjectured [17] based on the ODBA solutions [13] and the eigenstates of several integrable models in case of inhomogeneity were also derived via the separation of variables (SoV) method [18, 19, 20, 21] .
In this paper, we propose a systematic method for retrieving the eigenstates from the ODBA solutions. To clarify the method clearly, we consider the XXZ spin torus model, an archetype integrable model without U(1) symmetry, described by the following Hamiltonian 
2)
The integrability of this model has been studied by several authors [22, 23, 24, 25, 26] .
The paper is organized as follows. Section 2 serves as an introduction of our notations and some basic ingredients. In section 3, we briefly review the ODBA solutions of the inhomogeneous spin torus with various inhomogeneous T − Q ansatz. In section 4, after introducing a complete (both left and right) basis of the Hilbert space, we retrieve the eigenstates of the transfer matrix in terms of linear combination of the basic vectors. The associated decomposition coefficients can thus be expressed in terms of the corresponding eigenvalue. With some algebraic relations, those eigenstates are finally rewritten in conventional Bethe form.
Section 5 is attributed to the calculation of the scalar products between an eigenstate and certain off-shell Bethe state in the framework of algebraic Bethe ansatz. In section 6, we summarize our results and give the concluding remarks. Some detailed technical proofs are given in Appendix A&B.
Transfer matrix
Throughout, V denotes a two-dimensional linear space.
is a solution of the quantum Yang-Baxter equation (QYBE)
Here we consider the trigonometric six-vertex R-matrix given by
where the generic complex number η is the crossing parameter. Besides QYBE (2.1), the R-matrices satisfies the following properties, Initial condition :
Unitary relation :
Crossing relation :
Antisymmetry :
Here σ i (i = x, y, z) are the usual Pauli matrices, R 21 (u) = P 12 R 12 (u)P 12 with P 12 being the usual permutation operator and t i denotes transposition in the i-th space. The function ξ(u) is given by
Here and below we adopt the standard notations: for any matrix A ∈ End(V), A j is an embedding operator in the tensor space V ⊗ V ⊗ · · ·, which acts as A on the j-th space and as identity on the other factor spaces; R ij (u) is an embedding operator of R-matrix in the tensor space, which acts as identity on the factor spaces except for the i-th and j-th ones.
Let us introduce the "row-to-row" (or one-row ) monodromy matrix T 0 (u), a 2 × 2 matrix with operator-valued elements acting on V ⊗N ,
Here {θ j |j = 1, · · · , N} are arbitrary free complex parameters which are usually called as inhomogeneous parameters. QYBE (2.1) implies that the monodromy matrix given in (2.9) satisfies the following RTT relation
Moreover, the transfer matrix t(u) of the spin chain with antiperiodic boundary condition (or spin torus) is given by
The QYBE (2.1) and the Z 2 -symmetry (2.6) of the R-matrix lead to the fact that the transfer matrices with different spectral parameters commute with each other: [t(u), t(v)] = 0. Then t(u) serves as the generating functional of the conserved quantities of the corresponding system, which ensures the integrability of the model.
The Hamiltonian (1.1) with anti-periodic boundary condition is then expressed in terms of the transfer matrix by
ODBA solutions
The properties (2.3), (2.7) and QYBE (2.1) allow one to derive the following relations of the monodromy matrix [16] 
This gives rise to the operator identities
These identities were also obtained in [14, 15] with different method. The quantum determinant Det q (T (u)) is defined by [27] Det q (T (u)) = tr 12 P
For a generic value of θ j , the quantum determinant is proportional to the identity operator, namely,
Let |Ψ be an eigenstate (independent of u) of t(u) with the eigenvalue Λ(u), i.e.,
The analyticity and quasi-periodicity of the R-matrix given by (2.2) and the operator identities (3.2) imply that the eigenvalue Λ(u) satisfies the following properties:
The above relations completely determine the eigenvalue Λ(u) as follows [12] : the eigenvalue Λ(u) is given by the following inhomogeneous T − Q relation
where and c(u) is given by
where the N parameters {µ j } and {ν j } satisfy the following Bethe ansatz equations (BAEs)
and c(u) is given by 14) and the N + 1 parameters {µ j } and {ν j } satisfy the BAEs (3.12)-(3.13) with the adjust function c(u) given by (3.14) and M = N +1 2
.
It was known in [13] that there actually exist many different types of T − Q relations for the solution to (3.6)-(3.8) and each of them gives the complete set of eigenvalues of the transfer matrix. Here we present another simple T − Q relation for Λ(u), which corresponds to the M = 0 type in [13] , namely,
with
and
The N parameters {λ j } in (3.16) satisfy the associated BAEs
We have checked numerically that the T − Q relation (3.15) gives the complete set of eigenvalues of the transfer matrix for some small N and a random choice of η.
Retrieving the Eigenstates
With unequal inhomogeneous parameters θ j = θ l , a simple complete set of orthogonal states parameterized by the N inhomogeneous constants {θ j |j = 1, · · · , N} exist. In the framework of ODBA, such a basis is quite useful for retrieving eigenstates of the transfer matrix and for computing correlation functions.
Orthogonal basis
The RTT relation (2.10) of the monodromy matrix T (u) given by (2.9) gives rise to some quadratic commutation relations among its matrix elements. Here we present some relevant ones to our purpose
Let us introduce the all spin up state |0 = ⊗ N j=1 | ↑ j and its dual state 0| = ↑ | j ⊗ N j=1 , which are nothing but the reference state and its dual in the framework of the algebraic Bethe ansatz method [28] . The operators of the matrix elements of the monodromy matrix act on them as follows:
where the functions a(u) and d(u) are given by (3.5).
Let us introduce some left and right states parameterized by the N inhomogeneous parameters {θ j } as follows: 
Notice that the total number of the right ( or left) states given in (4.10) (or (4.9)) is
For generic values {θ j }, these right (or left) states given by (4.10) (or (4.9)) form a right (or left) basis of the Hilbert space (or its dual).
Using the commutation relations (4.1)-(4.6), one may derive the following orthogonal relations among the left sates and right states
where
We remark that f 0 = 0|0 = 1. The function d l (u) is defined as 
Retrieving the Bethe states
Since that the left states
by (4.9) forms a basis of the dual Hilbert space, the left eigenstate Ψ| can be expressed as
The orthogonal relations (4.13) and (4.14) allow us to determine all the vector component
where f n (θ p 1 , · · · , θ pn ) is given by (4.14) and we have introduced the scalar products
between the left eigenstate Ψ| and the general off-shell state n j=1 B(u j )|0 (i.e, u j takes arbitrary value)
The commutativity of the operators B(u) with different spectrum parameters, i.e., [B(u), B(v)] = 0, implies that the function F n ({u j }) is symmetric under permuting the variables u j . Moreover, these functions satisfy certain recursive relations (see below (5.5)-(5.7)). For some special points u j = θ p j , the corresponding value of the function was known exactly [12] 
This allows us to express the coefficients {χ n (θ (4.17) in terms of the corresponding eigenvalue Λ(u) associated with the eigenstate Ψ| as 20) hence the associated eigenstate Ψ| is given by
Using the similar method by analysing the quantities 0| n j=1 C(u j )|Ψ , we can express the right eigenstate |Ψ in terms of the right basis (4.10) as
where f n (θ p 1 , · · · , θ pn ) is given by (4.14).
So far we have retrieved the eigenstates of the transfer matrix in terms of the basis ( (4.10) and (4.9)). The decomposition coefficients are given by the associated eigenvalue Λ(u), which is already determined by the T − Q relation and the BAEs. It is known [12, 13, 14, 15] that there exist various different parameterizations of the eigenvalue Λ(u) (for our case, see (3.9) or (3.15)) and the associated BAEs (e.g., (3.12)-(3.13) or (3.18)). In the following of this subsection, we shall show that for any given T − Q relation and BAEs, one can retrieve a corresponding Bethe state. Such a correspondence also indicates that the T − Q relations constructed from ODBA indeed give rise to the exact eigenvalues of the transfer matrix.
For the case of the T − Q ansatz (3.15), let us consider the following Bethe state
where {λ j |j = 1, · · · , N} are the Bethe roots of the BAEs (3.18), and the generalized reference state is given by
Using the relations (4.11) and (4.13) and the T − Q relation (3.15)-(3.16), we can check that
Therefore, the Bethe state (4.23) is an eigenstate of the transfer matrix provided that the parameters {λ j } satisfy the associated BAEs (3.18). In the homogeneous limit, the reference state (4.24) becomes |ω = lim
We have checked that such a limit does exist for some small N. For examples,
• For the N = 1 case, |ω = |0 +B(0)|0 .
• For the N = 2 case, |ω = |0 + sinh ηB ′ (0)|0 +B 2 (0)|0 .
• For the N = 3 case, |ω = |0 +
Here the operatorsB(0),B ′ (0) andB ′′ (0) are defined bȳ
Obviously, the reference state |ω is no longer a pure state but a highly entangled superposition state.
Associated with the T − Q relation (3.9), we can construct another type of Bethe states 27) where the reference state reads
It can be easily checked that
Therefore, the Bethe state (4.27) is also an eigenstate of the transfer matrix provided that the parameter {µ j } and {ν j } satisfy the associated BAEs (3.12)-(3.13).
Scalar products
We use the results of the previous sections to compute the scalar products between the left eigenstates (or right eigenstates ) and the off-shell right states n l=1 B(u l )|0 (or 0| n l=1 C(u l )|). These scalar products allow one to compute correlation functions [28, 30, 31] or form factors [32, 33] of the model.
Firstly, let us compute the scalar product F n (u 1 , · · · , u n ) defined by (4.18) . The commutation relations (4.1)-(4.6) allow one to derive the following useful relations [28] 
With the help of the above relations, one can derive the following functional relations [12] by calculating the quantity Ψ| t(u)
Notice that we have adopted the notations
In principle, the N functions {F n |n = 1, · · · , N} can be determined exactly from the recursive relations (5.5)-(5.7) because Λ(u) is already completely determined by the T − Q relation (e.g., (3.9) or (3.15)) and the corresponding BAEs (e.g., (3.12)- (3.13) or (3.18)). However, since that we have obtained the exact expression (4.21) (or (4.22)) of the left (or right) eigenstate in terms of the left (or right) complete basis, one can directly compute the scalar products with these orthogonal basis.
The expression (4.21) enables us to write the scalar product as
In the last equality of the above equation we have used (4.13). It is sufficient to calculate the off-shell scalar products
Here g 0 = 0|0 = 1. Following the method in [28] , we can express the above function in terms of some determinant, namely, 10) where the matrix elements of the n × n matrix N ({u α }; {θ j }) are given by
The proof of the above determinant representation is given in Appendix B. It is easy to check
Finally, we have that the scalar products F n (u 1 , · · · , u n ) given by (4.18) can be expressed as 13) where the function g n ({θ l }|{u j }) is given by (5.10). Using the similar method, we can calculate the other scalar products 14) where the function F n (u 1 , · · · , u n ) is given by (5.13).
Conclusions
In conclusion, the eigenstates and the associated scalar products of the spin- which uniquely determine the functions from the initial condition g 0 = 0|0 = 1. Following the method in [28, 33] , one can prove that the determinant representation (5.10) of g n ({θ j }|{u α }) indeed satisfies the recursive relations (B.2). Thus we complete our proof.
